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Cell Motility Driven by Actin Polymerization
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ABSTRACT Certain kinds of cellular movements are apparently driven by actin polymerization. Examples include the
lamellipodia of spreading and migrating embryonic cells, and the bacterium Listeria monocytogenes, that propels itself
through its host’s cytoplasm by constructing behind it a polymerized tail of cross-linked actin filaments. Peskin et al. (1993)
formulated a model to explain how a polymerizing filament could rectify the Brownian motion of an object so as to produce
unidirectional force (Peskin, C., G. Odell, and G. Oster. 1993. Cellular motions and thermal fluctuations: the Brownian ratchet.
Biophys. J. 65:316-324). Their “Brownian ratchet” model assumed that the filament was stiff and that thermal fluctuations
affected only the “load,” i.e., the object being pushed. However, under many conditions of biological interest, the thermal
fluctuations of the load are insufficient to produce the observed motions. Here we shall show that the thermal motions of the
polymerizing filaments can produce a directed force. This “elastic Brownian ratchet” can explain quantitatively the propulsion
of Listeria and the protrusive mechanics of lamellipodia. The model also explains how the polymerization process nucleates
the orthogonal structure of the actin network in lamellipodia.

INTRODUCTION

Many cell movements appear to be driven by the polymer-
ization of actin. The most conspicuous example is the la-
mellipodia of crawling cells. Certain gram-negative patho-
genic bacteria, such as Listeria, Shigella, and Rickettsia,
move intracellularly by polymerizing a “comet tail” of
cross-linked actin filaments that propel them through their
host’s cytoplasm (Sanger et al., 1992; Southwick and
Purich, 1994; Marchand et al., 1995).

Several lines of evidence suggest that these motions may
be a physical consequence of polymerization itself (Stossel,
1993, 1994; Condeelis J, 1992); (Condeelis, 1993; Cramer
et al., 1994). For example, actin polymerization can drive
polycationic beads placed on the dorsal surface of lamelli-
podia (Forscher et al., 1992). Moreover, the sperm cells of
the nematode Ascaris crawl via a lamellipodium that ap-
pears identical to that of mammalian cells; however, the
polymer driving this motile appendage is “major sperm
protein” (MSP), a protein unrelated to actin (Roberts and
Stewart, 1995). Vesicles derived from sperm membrane will
also grow a tail of polymerized MSP and move in a Listeria-
like fashion. This suggests that the propulsive force gener-
ated by polymerizing actin filaments has more to do with
the physics of polymerization than to any property peculiar
to actin.

Recently, Peskin et al. (1993) formulated a theory for
how a growing polymer could exert an axial force. They
showed that by adding monomers to its growing tip, a
polymer could rectify the free diffusive motions of an object
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in front of it. This process produced an axial force by
employing the free energy of polymerization to render uni-
directional the otherwise random thermal fluctuations of the
load. Their model assumed that the polymer was infinitely
stiff, and so the Brownian motion of the load alone created
a gap sufficient for monomers to intercalate between the tip
and the load. Consequently, this model predicts that velocity
will depend on the size of the load through its diffusion
coefficient. However, recent experiments have cast doubt
on this mechanism of propulsion: 1) Listeria and Shigella
move at the same speed despite their very different sizes
(Goldberg and Theriot, 1995). 2) The actin network at the
leading edge of lamellipodia is organized into an approxi-
mately orthogonal network (Small et al., 1995). An approx-
imately orthogonal network is also observed in platelet
cytoskeleton (Hartwig, 1992). This is unexplained by the
Brownian ratchet model, which treats only collinear fila-
ment growth.

To remove these limitations, we have generalized the
Brownian ratchet model to include the elasticity of the
polymer and to relax the collinear structure of growing tips.
The principal result of this paper will be an expression for
the effective polymerization velocity of a growing filament
as a function of the load it is working against and its angle
to the load. We use this expression to describe the propul-
sion of Listeria and the protrusion of lamellipodia, and
discuss the agreement of our estimates with experimental
measurements, as well as predictions of the model.

THE FORCE EXERTED BY A SINGLE
POLYMERIZING FILAMENT

In this section we describe the physical model for the
thermal fluctuations of a free end of an actin filament. We
explicitly take into account only the entropic forces of the
filaments, and ignore the cytoplasmic fluid flow (Grebecki,
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1994). We model a polymerizing actin filament as an elastic
rod whose length grows by addition of monomers at the tip
at a rate k,,M [s '] and shortens by losing subunits at a rate
koge [s™'1, where k,, [s~'uM™"] is the polymerization rate
and M[uM] the local molar concentration of monomers near
the growing tip. The values of all the parameters we use are
gathered in Tables 1 and 2.

An actin filament can be characterized by its persistence
length, A[pum] (Janmey et al., 1994). The theoretical elastic
bending modulus, B, of a filament is related to its persis-
tence length by B = AkgT (Doi and Edwards, 1986). How-
ever, the experimental persistence length, A, is generally
determined by fitting the observed shape of filaments with
a Fourier series, and so depends on the actual length of the
observed filaments: B = A, (€)kgT = O(1)AkgT. For our
purposes here we shall neglect this distinction. The data on
the numerical value of A varies between 0.5 um (Kas et al.,
1993, 1996; Gotter et al., 1996) to 15 um (Isambert et al.,
1995) depending on the experimental conditions. We feel
that the lower measurements are more realistic for filaments
under cellular conditions, and so we shall use the value A ~
1 um. We focus our attention on the actin filaments that
constitute the “free ends” at the growing surface of a cross-
linked actin gel. To render the model tractable, we shall
make the following simplifying assumptions: 1) The ther-
mal fluctuations of the filaments are planar. 2) All filaments
impinge on the load at the same angle, 6, and they poly-
merize with the same angle-dependent rate, V. 3) The free
ends of each filament are the same length, €. That is, the
growing region is of constant width, behind which the
filaments become cross-linked into a gel. 4) We consider
only one fluctuation mode, neglecting collective modes of
the whole actin network; i.e., we treat the body of the
network as a rigid anchor. The assumed spatio-angular
structure of the actin network is shown in Fig. 1.

As the filaments polymerize, their Brownian motions
impinge on the load (e.g., the bacterial wall, or the cyto-
plasmic surface of the plasma membrane) exerting a pres-

TABLE 1 Parameter values
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TABLE 2 Other notation

Symbol Meaning

B Bending modulus of actin filament = A kT (pN-nm?)

Dy, Diffusion coefficient of bacterium (um?/s)

D¢ Effective diffusion coefficient of filament (um?/s)

f Load force (pN)

fe Stall force (pN)

7 = wf2e = fIk,d dimensionless load force

kT Unit of thermal energy = 4.1 X 10~'* dyne-cm =
4.1 pN-nm

N Number of filaments

p(o, f) Probability of 8-sized gap as a function of the load, f,
and angle, 6

56, o) Probability of 8-sized gap as a function of the angle,
8, and the equilibrium position of the filament tip,
Yo

q = V/(8k,,M) dimensionless polymerization velocity

s Ratio of depolymerization and polymerization rates

t Time (s)

14 Velocity of filament tip (um/s)

V* = V(0,) maximum polymerization velocity (um/s)

V. = 2D/$ ideal ratchet velocity (p.m/s)

1A Free polymerization velocity (pum/s)

x Position of filament tip (nm)

Yo Equilibrium distance of filament tip measured from
the membrane (nm)

A = 8cos(0) = size of sufficient gap to permit
intercalation of monomer

e = Kky8*/2kgT = dimensionless bending energy

K Elastic constant of an actin filament (pN/nm)

® = f 8/kyT dimensionless work to move the load ahead

by one monomer

sure. However, to add a monomer to the tip of a free
filament end a thermal fluctuation must create a gap suffi-
cient to permit intercalation. For a filament approaching the
load perpendicularly, a gap half the size of an actin mono-
mer is necessary to enable a monomer to intercalate be-
tween the tip and the membrane (the actin filament is a
double helix, so a gap of only 8 ~ 2.7 nm is required). For
a filament approaching at an angle 6 to the load, the required

Notation Meaning Value Source
4 Length of free filament end 30-150 nm (Marchand et al., 1995; Small et al., 1995;
Tilney et al., 1992a; Tilney et al., 1992b)
jA Stall force of keratocyte 45 nN (Oliver et al., 1995a; Oliver et al., 1995b)
kon Polymerization rate 1 s 'uM™! (Pollard, 1986)
M Monomer concentration 10-50 uM (Cooper, 1991; Marchand et al., 1995)
koge Depolymerization rate 1s™! (Pollard, 1986)
Intercalation gap 2.7 nm (Pollard, 1986)
d Effective radius of actin 4 nm (Bremer et al., 1991)
. Viscosity of cytoplasm and cytoskeleton 30 poise (Dembo, 1989; Valberg and Feldman, 1987)
n Viscosity of fluid component of cytoplasm 0.03 poise (Dembo, 1989; Fushimi and Verkman, 1991)
A Persistence length of actin 1 um (Kas et al., 1996)
a Length of Listeria 6 um (Tilney and Portnoy, 1989)
b Radius of Listeria 0.5 um (Tilney 1989)
4 Membrane surface tension 0.035 pN/nm (Cevc and Marsh, 1987)
L Length of lamellipodia 5 um (Small et al., 1995)
0 Filament angle 0-45° (Small et al., 1995; Tilney et al., 1992a; Tilney

et al., 1992b; Zhukarev et al., 1995)
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FIGURE 1 (a) Schematic of a free actin filament tip of length £ imping-
ing on a load at an angle 6. A filament tip can add a monomer only by a
bending fluctuation of amplitude A. The polymerization rate is k,,M — kg,
where M is the monomer concentration. The actin network behind the last
cross-link is regarded as a rigid support. (b) The mechanical equivalent of
(a). The bending elasticity is equivalent to a spring constant, , given by
Eq. 2. y is the equilibrium distance of the tip from the load, and x is the
deviation of the tip from its equilibrium position.

fluctuation amplitude is 8 cos(6). The frequency with which
these gaps appear, along with the local concentration of
actin monomers, determines whether, and how fast, the gel
surface can advance. A freely polymerizing tip advancing at
an angle 6 would grow at a velocity

Vp = A(konl‘l - koff) 1

where A = & cos(6) is the projected size of a monomer onto
the direction of protrusion (c.f. Appendix A.1). However,
because of the load, the actual velocity of the gel front will
be less than V),

A filament bends much more easily than it compresses,
and so the major mode of thermal motion for a single fiber
is a bending undulation. In Appendix B we show that a
filament impinging on the load at an angle 6 behaves as an
effective one-dimensional spring with an elastic constant
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given by

AT ko€, A)

k€, A, 0) = sin?(9)  sin’(6) @

The statistical motion of a filament tip subject to a harmonic
restoring force of the effective spring and a load force can
be described by a Fokker-Planck equation. In Appendix C
we use the fact that the thermal fluctuations of the filament
tips is much faster than the polymerization rate to solve this
Fokker-Planck equation using perturbation theory; the result
is the following expression for the velocity:

V= A[komﬁ(09 }’o) - koff] (3)

where

56, o) = Jaexp(—x(x — yo)*2kgT)dx 4
P\Y, Yo) = fg)exp(_K(x _ y0)2/2kBT)dx ( )

where y, is the average asymptotic equilibrium distance of
the tip from the load. Eq. 3 resembles the expression (Eq. 1)
for a freely polymerizing filament if we interpret (6, y,) as
the probability of a gap of sufficient size and duration to
permit intercalation of a monomer. We have assumed that
the only barrier to intercalation is geometric. That is, a gap
equal to the projected size of a monomer is necessary and
sufficient for intercalation. The expression for 5(0, y,) given
by Eq. 4 depends on y,, which can be found as follows.

The potential energy of the filament free end is E, =
Vak(x — y,)°, where x is the instantaneous position of the tip
and y, its elastic equilibrium position, both relative to the
load. In Appendix D we use this potential to derive the
average force that a thermally fluctuating filament exerts on
the load:

N exp(— kyo/2ksT)
f(y0) = keT Joexp(—k(x — yo)*/2ksT)dx ®

It is easy to show that fy,) is monotonically decreasing.
Note that Eq. 5 has the units of force since the denominator
has the units of length. Thus, Eq. 5 can be inverted to give
Yo(f) and inserted into Eqs. 3 and 4 to yield the following
load-velocity relationship, which is the principal result of
this paper:

V = 8 cos (0)[ kouMp(8, f) — kogt) (6)

Here p(6, f) = pl0, yo( f)] is the steady-state probability of
a gap of width & cos(6) between the filament tip and the
force, f. Note that the expression for this probability also
depends on the flexibility of the filament tip through the
parameters € and A.

In general, function p(6, f) must be computed numeri-
cally. The generic shape of the load-velocity relationship,
V(f, 0), is shown in Fig. 2. A crucial feature is that the
filament growth velocity is not a monotonic function of the
angle, but passes through a maximum at a critical filament
angle 6. The reason is clear: thermal fluctuations may not
be able to bend a stiff filament acting normally to the
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FIGURE 2 Polymerization velocity V [nm/s] as a function of load, f,
[pN], and filament incidence angle, 0, in degrees for fixed length, £ = 30
nm, and persistence length, A = 1 um. The critical angle, 6., for fastest
growth depends on the load; the trajectory of 6 is shown on the V(f, 6)
surface connecting the loci of maximum velocity at each load. At small
load forces, the optimal velocity, V* = V(0,) ~ 1 um/s for a local
monomer concentration of ~ 45 uM. The figure was computed from the
load-velocity expressions (4—6). The parameter values used in the com-
putations are given in Table 1.

surface of the membrane sufficiently to permit intercalation.
Because a filament growing nearly parallel to the load
cannot exert an axial thrust, there must be an optimal angle
for which the force generated is greatest. Because filaments
will grow fastest in this direction, we expect that in a
population of growing filaments those oriented near the
optimum angle will predominate. This optimal angle de-
pends on the load force, f, and on the flexibility of the free
end. The tip flexibility depends on its length, €, which
depends on the cross-link density of the gel, and on the
bending stiffness of the filaments, B (i.e., their thermal
wavelength, A). Generally, the optimal angle is an increas-
ing function of the load force and bending stiffness, and a
decreasing function of the free end length: 8.(f1,A71,€ ).

The above argument depends on the assumption that each
filament acts independently. This would be the case if the
membrane were very flexible and/or the filaments more
widely spaced than the membrane wavelength. Otherwise,
the polymerization of one filament could “subsidize” the
growth of its neighboring filaments by pushing the mem-
brane outward. This would lead to the coexistence of fila-
ments at different angles. We will treat this case in a
subsequent publication. Experimentally, the filament distri-
bution is rather broad about a mean angle of ~45°, so the
subsidy effect is probably operating to some extent. Also,
because polymerization is stimulated by membrane-associ-
ated proteins, filament growth only occurs very close to the
inner surface of the membrane. Therefore, only those fila-
ment tips that are very close to this polymerization bound-
ary region participate in the competition for monomers; tips
that lag too far behind the polymerization front will effec-
tively cease their forward growth.

We define the optimum polymerization velocity as
V*(f) = VI f. 6.(f)]. The projection of the solid line onto
the V-f plane in Fig. 2 would be a graph of this function.
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LIMITING CASES

In Appendix E we derive four limiting cases for the optimal
velocity V*, which apply in different regimes of filament
length and load. We characterize these regimes by the
following three dimensionless parameters:

w=folkaT, &= k2T, f= wl2e=Fflked (7)

w is the dimensionless work of the load force to bend a
filament by 6. £ measures the mean elastic energy stored in
a filament that has been bent sufficiently to intercalate one
monomer. f measures the load force relative to the force
required to bend a filament by one intercalation distance, 6.
The four cases we consider are shown on the w-¢ plane in
Fig. 3, and the optimal angles and velocities are summarized
in Table 3. Each of these four cases will be used below to
describe different kinds of actin-driven motility.

POLYMERIZATION-DRIVEN CELL MOTILITY

The model for force generation by actin polymerization
casts light on certain aspects of cell motility. In this section
we shall examine the model’s predictions for two types of
cell movement: the motion of the pathogenic bacterium
Listeria monocytogenes, and the protrusion of lamellipodia
in crawling embryonic cells.

The motion of Listeria

The bacterial pathogen Listeria monocytogenes moves
through the cytoplasm of infected cells by polymerizing a
tail of cross-linked actin filaments whose average orienta-
tion is with the plus (fast polymerizing) end pointing to-
wards the bacterial body (Marchand et al., 1995; Sanger et
al., 1992; Smith et al., 1995; Southwick et al., 1994, 1996).

w= f6/kBT

~ > = k52/2kpT
3

FIGURE 3 The ¢-w plane delimiting the four asymptotic regions corre-
sponding to small and large load forces and short (stiff) and long (flexible)
filaments tabulated in Table 3.
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Case Condition Meaning Optimal angle Optimal velocity
1 £ << 1 Long (flexible) filaments,
<l Small load force 6. ~0° V* =~ & k, M
2 e<x 1 Long (flexible) filaments
» 1 ksT(k,
0> 1 Large load force 6 = cos"(—) V(f) =~ L( M _ k‘,ff)
3 g~ 1or @ f €
> 1, Short (stiff) filaments, 28 \/X
) o< ll Small load force 6. = tan"(eT> V¢ = 8cos(0)(KoeM — kofr)
& =z
ore > 1 Short (stiff) filaments, 1 T/ k
f>1 Large load force 0 = cos"(;) V¥ f) = %(%—M - koﬁ)

Actin polymerization is apparently stimulated at the bacte-
rial surface via the membrane protein ActA (Brundage et
al., 1993; Kocks and Cossart, 1993; Kocks et al., 1993;
Southwick et al., 1994). The majority of observations sug-
gest that there is a gap between the actin meshwork and cell
surface, and so most filaments are not directly attached to
the membrane. The situation is depicted schematically in
Fig. 4 a.

Actin filament lengths are probably controlled by the
host’s capping proteins; the observed average length of
filaments in the tail is ~200-400 nm (Tilney et al., 1992a, b).
The tail filaments are heavily cross-linked to one another and
into the host’s actin cytoskeleton, and so the tail is almost
stationary in the cytoplasm of the host cell (Theriot et al.,
1992). The angular distribution of the filaments are predomi-
nantly paralle] to the bacterium’s axis (Tilney et al., 1992a, b;
Zhukarev et al., 1995).

The speed of Listeria propulsion is quite variable, but is
generally of the order 0.1 um/s, which is roughly equal to
the actin polymerization velocity (Theriot et al., 1992).
While a bacterium’s velocity may fluctuate irregularly it
does not correlate with the density of the tail meshwork, and
there is very little correlation of speed with the concentra-
tion of a-actinin, though lack of a-actinin prevents the
initiation of directed motion (Dold et al., 1994; Nanavati et
al., 1994).

Listeria frequently move along circular tracks with radii
of a few bacterial lengths (Zhukarev et al., 1995). When the
bacterium reaches the host cell membrane, it thrusts out-
ward, stretching the membrane into the form of a filopod-
like protuberance; once stalled in the protuberance, the
bacterium wriggles as if it were restrained by the host’s cell
membrane (Tilney and Portnoy, 1989). These induced filop-
odia are the mechanism of intercellular infection, for when
a neighboring cell contacts the bacterium-containing protu-
berance, it phagocytotically ingests the bacterium.

Peskin et al. (1993) derived an expression for the effec-
tive velocity of propulsion of bacterium thermally fluctuat-
ing in front of the rigid immobile actin tail. In Appendix A.2
we demonstrate that, because of Listeria’s size and the high
effective viscosity of the cytoplasm, its diffusion coefficient
is too small to permit monomer intercalation at a rate
sufficient to account for the observed velocities, which are

close to the free polymerization velocity of actin filaments.
Moreover, bacteria of different sizes, Listeria, Shigella, and
Rickettsia, moved with the same rate in PtK2 cells (Theriot,
1995). Indeed, E. coli expressing the IcsA protein on the
surface (which plays the role of ActA), moves in Xenopus
egg extracts at rates faster than the smaller sized Listeria.
Thus the speed of actin-driven propulsion in these organ-
isms does not scale inversely with size as one would expect
if the diffusion of the bacteria were being rectified by the
polymerizing tail.

These facts suggest that the bacterium’s velocity may be
driven by rectifying the thermal undulations of the free
filament ends rather than the bacterium itself. In Appendix
A.3 we show that the effective diffusion coefficient of a
filament tip, Dy, is much larger than that of the bacterium:
D; >> D,. Therefore, the diffusive motion of the bacterium
can be neglected on the time scale of filament fluctuations.
Based on micrographs (Tilney et al., 1992a, b), it is reason-
able to assume that the characteristic distance between tail
filaments near the cell wall is of the order of 50 nm. The
viscous drag force on a bacterium is F = (kg7/D,)V ~ 20
pN. From this we can estimate the number of “working”
filament tips is N ~ 300, and the load force per filament is
f ~ 0.06 pN. Using the parameter values from Table 1 and
assuming 6 ~ 10° (Zhukarev et al., 1995), the effective
spring constant for a free end is k =~ 0.16 pN/nm. Using the
dimensionless quantities in Eq. 7 to determine the relevant
regime, we find that € ~ 0.04 and F~ 0.15; this corresponds
to Case 1 in Table 3. Thus, under cellular conditions,
Listeria’s motion is almost load-independent because the
load per filament is very small. The corresponding optimal
angle is small, so that filaments are oriented almost paratlel
to the bacterium’s axis, which accords with the experimen-
tal observations (Zhukarev et al., 1995). From Table 3 we
find that the effective polymerization velocity is given ap-
proximately by the free polymerization velocity (c.f. Ap-
pendix A.1). Assuming a concentration of polymerization-
competent actin monomers at the bacterial wall of M ~
10uM (Cooper, 1991; Marchand et al., 1995), we find that
the optimum velocity is V* ~ V, ~ 0.3 um/s, which is the
same order of magnitude of the experimentally measured
values.
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FIGURE 4 (a) Listeria is driven by a front of polymerizing actin fila-
ments. The interface between the actin network and the cell surface is
shown schematically. The cross-linked actin network terminates near the
membrane with free ends, which impinge on the bacterium at acute angles
*0 measured from the direction of the propulsion. The free ends are
modeled by elastic filaments that are free to execute Brownian motion. If
a thermal fluctuation is large enough and lasts long enough, a monomer
may intercalate onto the filament end with polymerization and depolymer-
ization rates (k,,M) and k, respectively. The elongated filament is now
slightly bent away from its mean equilibrium configuration so that its
fluctuations exert an average elastic pressure against the membrane. Op-
posing the motion is a viscous drag force, f. (b) The computed load-
velocity curve for Listeria at a monomer concentration of M = 10 uM.
Cellular conditions correspond to a load of only about 20 pN, so the load
per filament is small compared to the stall load, f, ~ 540 pN for a tail
consisting of N ~ 300 working filaments. Thus the bacterium is working
in the nearly load-independent plateau region of the curve.

Because the optimal velocity is close to the free poly-
merization velocity, the bacterium is moving at “top speed,”
and it cannot increase its speed even if the filament density
is increased. That is, the bacterium is operating in the
plateau region of the load-velocity curve shown in Fig. 4 b.
Conversely, if the filament density is lowered considerably,
the velocity should remain constant as long as the load force
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per filament does not exceed ~ k8 ~ 0.4 pN. This will
happen when the density of the actin meshwork decreases
until N ~ 20 pN/0.4 pN ~ 50, and so we predict that at least
this many filaments are necessary to sustain the maximal
velocity.

Although the velocity does not appear to depend on the
cross-linking density, when the density of cross-links de-
creases drastically, the tail will ultimately solate completely
and the velocity must decrease to zero (Dold et al., 1994).
However, the velocity will remain constant so long as the
filament and cross-link densities are high enough to keep
the tail fairly rigid, but not so high as to make the average
length of free ends too short so that they cannot fluctuate
sufficiently to permit intercalation. This critical length can
be estimated from the expression & ~ 1 to be approximately
75 nm. Thus, we predict that a decrease in Listeria velocity
will occur only when the cross-linking density (or the con-
centration of a-actinin) more than doubles its in vitro value.

We can estimate the stall force per filament as follows. At
large load forces the filaments become almost parallel to the
wall, whereupon cos(0) = 1/w (Case 2, Table 3). Then the
average equilibrium distance of the filament’s tip from the
load is y, = f/« (c.f. Appendix D, Eq. D.5). But when this
distance becomes equal to € cos(8), then the filament is bent
nearly parallel to the load, and the propulsion force drops to
zero. Thus, € cos(0) ~ € kgTIf.8 =~ fi/k ~ [£L/(A4X kgT)]
{1 — [kgT/(£.8)}*}, and so

keT

A 50 VO + 4A8. ®)

Therefore, using the parameters given in Table 1, the stall
force per filament is f, ~ 1.8 pN, and for the whole bacte-
rium f, ~ 1.8 pN X 300 =~ 0.54 nN. This estimate is
consistent with the stalling of the bacterium by the plasma
membrane tension when it pushes out its filopodia-like
protuberance. In this situation the resisting force is about
2mbo = 0.1 nN, where b ~ 0.5 um is the radius of the
bacterium and o =~ 0.035 pN/nm is the surface tension of
the plasma membrane. Finally, we estimate that Listeria
should maintain a constant velocity until a resisting load of
~ 0.4 pN X 300 =~ 0.12 nN is applied. Thereafter, its
velocity will decrease until the stall load of approximately
0.54 nN, depending on the number of working filaments in
the tail (c.f. Fig. 4 b).

We can now see why the observed propulsion velocity
does not depend on the size of the bacterium. As its size
increases, the effective number of “working” filaments pro-
pelling the bacterium increases with its cross-sectional area
(i.e., the square of the size), while the viscous resistance
increases only in proportion to its size. Therefore, the larger
the cell, the smaller is the load force per filament. Thus
larger cells move with the same maximal free polymeriza-
tion velocity as smaller cells. However, we predict that the
stall force is greater for larger bacteria.

Finally, Marchand et al. (1995) measured the dependence
of Listeria’s velocity on the monomeric actin concentration,
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M. They obtained a Michaelis-Menten-like saturating curve:
at small M the velocity grows linearly with M; at larger M
the velocity asymptotes to a limiting value. This is consis-
tent with the polymerization ratchet model since, for small
M, the velocity is equal to the free polymerization velocity,
which is proportional to M. At larger M, the velocity is
eventually limited by the drag resistance of the host cyto-
plasm, so the velocity must eventually saturate. Theoreti-
cally, the maximum propulsion velocity is achieved when
the viscous resistance becomes equal to the stall force. Thus
we predict that, for small M, the velocity will be size
independent, but for large M the limiting velocity will be
proportional to bacterial size.

Lamellipodial extension

Locomoting cells move by a cycle of protrusion and adhe-
sion of their leading edge, followed by—or accompanied
by—retraction of their trailing edge. One of the principal
protrusive organelles is the lamellipod, a thin veil-like struc-
ture of filamentous actin extending from organelle-rich cell
body in the direction of movement (Small, 1994; Theriot
and Mitchison, 1991; Theriot, 1994; Trinkaus, 1984). La-
mellipodial protrusion is the result of a coordinated activity
of cytoskeletal, membrane, and adhesive systems. Here we
focus our attention on the mechanochemical aspects of force
generation driving protrusion.

The lamellipodia of fibroblasts and keratocytes have been
particularly well studied. They consist of a broad, flat cy-
toplasmic sheet about 200 nm thick and 5-15 pm wide. The
ventral surface of the lamellipod is adherent to the substra-
tum (Lee et al., 1994; Oliver et al., 1994, 1995). Fibroblast
lamellipodia advance in irregular pulsatile fashion (Lackie,
1986), while keratocytes protrude more smoothly, appear-
ing to glide at ~ 1 wm/s in such a way that the cell’s shape
remains unchanged (Lee et al., 1993). The mechanisms of
lamellipodial protrusion are similar in both cell types, but
differ in certain aspects. For example, fibroblast lamella are
punctuated by microspikes, or small filopodia containing
parallel arrays of actin filaments, while keratocytes lack
microspikes, but do contain ribs of parallel actin filaments
that generally do not protrude beyond the leading edge. The
actin filaments comprising the lamellipod are almost
straight and extend from the front edge through the length of
lamellipodia, with an average length of 4—7 um. The fila-
ments are cross-linked into a network with an angular
distribution broadly distributed about 45° (Small et al,,
1995). The density of cross-links gives an estimate of the
average length of the free filament ends at the leading edge
of £ ~ 30 nm. All filaments are oriented with their barbed
(plus) ends in the direction of protrusion (Small et al.,
1987), which has led to the assumption that actin polymer-
ization takes place in a narrow region of a few nanometers
beneath the plasma membrane, while depolymerization
takes place proximally, near the cell center. Fig. 5 shows a
schematic view of the filaments at the leading edge. We

Biophysical Journal

Volume 71 December 1996
shall treat the lamellipodium as a network of two popula-
tions of parallel, cross-linked fibers incident on the cyto-
plasmic face of the membrane at angles * 8.

The situation in lamellipodia is different from Listeria
because membrane fluctuations can play a decisive role in
permitting monomer intercalation effective enough to allow
the filaments to polymerize at their maximum rate, oriented
normal to the membrane. This would be contrary to the
observed orthogonal network comprising the lamellipodium
of the keratocyte. The answer, we believe, is that the leading
edge of the lamellipodium is not a bare bilayer, but is
heavily populated with membrane-associated proteins. Ac-
tin polymerization is likely stimulated by ActA-like pro-
teins, for when ActA is expressed in mammalian cells, and
myristolated to ensure its membrane association, actin is
nucleated from the plasma membrane and protrusive activ-
ity is stimulated (Friederich et al., 1995). Indeed, there is
ample evidence that many proteins cluster in regions of high
membrane curvature (Table 4). These proteins dramatically
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FIGURE 5 (a) We model the actin network driving the protrusion of
lamellipodia as a bi-orthogonal array of filaments oriented at angle 6 to the
membrane normal. The fluctuations of the filament free tips produces an
effective pressure on the cytoplasmic face of the plasma membrane. The
load force, f, resisting the motion is distributed over a region of the
membrane. (b) The computed load-velocity curve for a network consisting
of 5000 filaments acting on a membrane area of 5 pum X 0.2 pum, and at
a local monomer concentration of 45 uM.
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damp the amplitude of the membrane fluctuations. Because
the diffusion coefficients of such proteins are small, the
proteins can damp the membrane fluctuations sufficiently to
arrest intercalation.

If membrane fluctuations are insufficient to permit poly-
merization, filament fluctuations in a network of cross-
linked fibers can easily accommodate monomer intercala-
tion and drive protrusion. Assuming an average distance
between filaments of ~ 20 nm, the number of filament tips
along a strip of leading edge of area S um X 0.2 umis N ~
5000. In a freely migrating keratocyte, the only load oppos-
ing the polymerization is from the membrane tension, o =~
0.035 pN/nm (Cevc and Marsh, 1987). The corresponding
total load force is oL ~ 175 pN, and the load force per
filament is f ~ 0.035 pN. From Eq. 7 @ ~ 0.02 << 1, and
for ko = 0.6 pN/nm, £ ~ 0.6. Thus we are in region
corresponding to Case 3 from Table 3. Using the parameters
from Table 1, we find that the critical angle for fastest
growth is 0. ~ 48°, which is close to the average filament
angle observed by Small in lamellipodia of the fish kerato-
cyte (Small et al., 1995).

At the optimal angle, 0., the effective polymerization
velocity (c.f. Table 3) is V* ~ k,, M8 cos(6.). The observed
value of ~ 1 pum/s is achieved for a monomer concentration
at the leading edge of M =~ 45 uM. While this is higher than
the cytoplasmic value of ~ 10 uM, the effective concen-
tration of monomer just under the leading membrane edge is
probably much higher due to the presence of proteins anal-
ogous to ActA in Listeria, which recruit polymerization-
competent monomers (Friederich et al., 1995; Kocks and
Cossart, 1993; Kocks et al., 1993; Southwick and Purich,
1995).

The computed load-velocity curve for a lamellipod, using
the data in Table 1, is plotted in Fig. 4 b. Using Eq. 8 the
stall force per filament is f, ~ (2 kg T/€)(A/8)'?> ~ 5 pN. The
total stall force would then be 5 pN X 5000 ~ 25 nN. Using
a microneedle, Oliver et al. measured the force required to
stop the advancing lamellipodium of a keratocyte as ~ 45

TABLE 4 Protein localization in regions of high membrane
curvature

Protein Reference

(Friederich et al., 1995)

ActA expressed in mammalian
cells at the tips of membrane
ruffles

Proteins localized to membrane
ruffles

rab 8 proteins at the tips of
lamellae and ruffles

Actin nucleation sites at the rims
of lamellipodia

Virus spikes on filopodia

Diacylglycerol-nucleating actin
assembly

Coatamers on the rim of the Golgi

Receptors clustering in coated pits

GPI-anchored proteins and calcium
pumps in caveolae

(Ridley, 1994)
(Chen et al., 1993)
(DeBiasio et al., 1988)

(Mortara and Koch, 1989)
(Shariff and Luna, 1992)

(Kreis, 1992)
(Anderson and Kaplan, 1983)
(Fujimoto, 1993; Hooper, 1992)
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nN, which compares favorably with the theoretical value
(Oliver et al., 1994, 1995b).

We conclude that 1) lamellipodial protrusion is driven by
rectified polymerization of the thermally fluctuating actin
filaments, and 2) the orthogonal geometry of the filaments
is nucleated by the angular dependence of the protrusion
velocity, and is subsequently “frozen in” by actin cross-
linking proteins. We predict that, as the resistance force
increases, the filaments of the lamellipodial cytoskeleton
will align at angles more parallel to the leading edge of the
cell. At the measured stall load, the filaments should be
almost parallel to the edge, a conclusion that may be
checked experimentally with sufficiently high resolution
electron microscopy. We also predict that higher concen-
trations of actin-binding proteins would produce heavier
cross-linking, shorter free ends of the filaments, and effec-
tively slower protrusion velocities.

The above analysis depends on the presence of membrane
proteins to damp the fluctuations of the bilayer at the
leading edge sufficiently to inhibit monomer intercalation.
Where the concentration of protein falls sufficiently, the
thermal fluctuations of the membrane will permit intercala-
tion of monomers without the necessity of filament fluctu-
ation. In this situation, the optimal approach angle for
filaments is normal to the bilayer (6, = 0°). In such regions
we expect the actin to cross-link into parallel bundles, rather
than an orthogonal network. This may represent the nucle-
ation of microspikes in fibroblasts and filament bundles in
keratocytes. This phenomenon is discussed more fully in
Mogilner and Oster (1996).

Finally, we mention that lamellipodial protrusion is often
accompanied by a centripetal flow of cytoplasm: particles
and ruffles on the dorsal surface of the lamella move toward
the perinuclear area. Because this retrograde, or centripetal,
flow of lamellar substance accompanies cell migration,
there must be a counter-flow of material in the lamellipod
(Sheetz, 1994; Small, 1994; Stossel, 1993; Theriot and
Mitchison, 1991). Fast centripetal flow of up to 100 nm/s is
observed in neural growth cone-lamellae (Lin and Forscher,
1995). In fibroblasts the centripetal flow is fast, while in
keratocytes it is slow (Sheetz, 1994). An analysis and model
for centripetal flow is given in Mogilner and Oster (1996);
this model depends on the velocity formula derived here as
a boundary condition.

DISCUSSION

Energetic arguments have long been cited in support of the
presumption that actin polymerization can produce an axial
force (Cooper, 1991; Hill and Kirschner, 1982). However,
thermodynamics can only assert what is energetically pos-
sible, but can say nothing about whether a mechanism is
mechanically feasible. Here we have analyzed the mechan-
ics of actin polymerization and demonstrated how growing
filaments can develop a protrusive pressure.

Previously, Peskin et al. (1993) demonstrated that poly-
merization of a rigid filament could push a load. In their
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model, the polymerizing filament rectified the thermal mo-
tions of the load to produce an axial force. In the analysis
presented here we have relaxed the assumption that the
filament be rigid. This modification permits us to construct
a statistical mechanical model for the motion of the bacteria
Listeria monocytogenes and the protrusion of lamellipodia.
We find that the polymerization ratchet mechanism can
account for the major features of these motile phenomena,
including the speed and force of the motions and the angular
distributions of the filaments. We note, however, that there
exist alternative interpretations of the filament geometry in
the leading lamella (see discussion in Mogilner and Oster,
1996).

Numerous mechanical phenomena related to bacterial
propulsion remain to be elucidated. Among them are the
large fluctuations in cell speed (Dold et al., 1994; Nanavati
et al., 1994) and the threshold thrust for a bacterium to break
through the viscoelastic cytoplasmic gel (Tilney et al.,
1992a, b; Tilney and Portnoy, 1989). Explanations for these
phenomena will require a stochastic treatment for the poly-
merization velocity. Also, we treated the cytoskeleton of the
host cell as an isotropic homogeneous viscous medium; a
more complete picture would take into account fluctuations
and the dynamic character of the cytoskeleton. Such a
treatment may shed light on the phenomenon of persistent
circular motions of Listeria. We note, however, that circular
Listeria tracks frequently exhibit denser actin concentra-
tions on the inner radius of the tail (Zhukarev et al., 1995).
Our theory for polymerization-induced force is consistent
with this observation, for a denser network implies shorter,
and hence stiffer, free ends, which will generate less pro-
pulsive force than the longer ends on the outer radius.

The mean field theory we have used assumed indepen-
dent filaments growing with the same speed, subject to the
same load force, and exerting the same undulation force on
the load. However, another rectification effect may be im-
portant. If fluctuations in polymerization rate cause one
filament to grow faster than its neighbors, then it can
“subsidize” its neighbors’ polymerization by propping up
the load and creating a gap into which monomers could
easily intercalate. This effect would increase our estimates
of the effective velocity and load force and broaden the
angular distribution of the filaments. Mathematical analysis
of this effect involves singular integro-differential equations
and will be dealt with in a subsequent publication.

If the thermal wavelength, A, is significantly larger than
the value we have assumed here, then the effective poly-
merization velocity at small load force is unchanged. At
large load forces both the effective polymerization velocity
and the stall force will be smaller than predicted here by a
factor of order unity. However, if the filaments are signif-
icantly more flexible than we have assumed, then the an-
gular dependence of the filaments may be determined by
cross-linking geometry rather than the filament growth
rates. Moreover, if we assume that the cross-linking of the
network damps the long wavelength modes, then we are
justified in neglecting them.
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In effect, we have derived boundary conditions at the
leading edge of a polymerizing actin network. Other impor-
tant phenomena associated with cell crawling, such as ret-
rograde flow, require force-angle-velocity relationships of
the sort obtained here as boundary conditions (Mogilner and
Oster, 1996). The polymerization mechanism produces a
force normal to the cell boundary. This is sufficient to
produce the phenomenon observed in keratocytes that cells
move without shape change as if each boundary segment
projects along the boundary normal; Lee et al. (1993) called
this isometric motion “graded radial extension.”

Several other mathematical models for cell motion have
been discussed in the literature, based on different assump-
tions about the physical forces driving protrusion. Dembo,
Evans, and Alt proposed that actomyosin contraction cre-
ates a hydrostatic pressure in the cytoplasmic fluid that
drives protrusion (Dembo and Harlow, 1985; Dembo et al.,
1984; Evans and Dembo, 1990). Zhu and Skalak (1988)
derive equations for lamellipodial extension where the pro-
trusive force is treated phenomenologically in a continuum
model as a gel-sol transition. Oster and Perelson (1988,
1994) construct a model for cell protrusion based on the
forces generated during cycles of solation and gelation of
the cortical actin network. Evans outlines the phenomeno-
logical constraints of conservation and continuity that any
motility model must obey (Evans, 1993).

Finally, we anticipate that the model developed here will
apply to other actin polymerization-driven phenomena such
as phagocytosis (Swanson and Baer, 1995), platelet activa-
tion (Winojur and Hartwig, 1995), and the infective pro-
trusions generated by certain viruses, such as Vaccinia
(Cudmore et al., 1995). Moreover, the model described here
is not restricted to systems driven by actin polymerization.
Nematode sperm extend a lamellipodium and crawl by
assembling not actin, but an unrelated protein called major
sperm protein (MSP) (Roberts and Stewart, 1995). These
lamellipodia resemble in most aspects those of mammalian
cells, and we believe that the underlying physics is the
same. Vesicles derived from sperm membrane will also
grow a tail of polymerized MSP and move in a Listeria-like
fashion. Roberts measured the dependence of MSP poly-
merization velocity on the concentration of monomeric
MSP. The curve is qualitatively similar to that for Listeria
(Marchand et al., 1995). Knowing the polymerization and
depolymerization rates of MSP, the size of its monomer,
and the bending rigidity and effective length and mesh size
of MSP polymers, one can estimate the effective polymer-
ization velocity at various monomeric concentrations and
compare it with experimental results.

APPENDICES
A Parameters and estimates
The polymerization velocity of actin

The free polymerization rate of an actin filament is (k,,M — k,g), where
ko = 11 s7'uM™", koo = 1 57" (Pollard, 1986). We take M ~ 10 uM
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(Cooper, 1991; Marchand et al., 1995). The length of an acting monomer
is approximately 5.4 nm; as the filament is a double helix, each monomer
adds 8 =~ 2.7 nm to the filament length. Therefore, the velocity of a freely
growing tip is V, =~ 0.3 pum/s.

The diffusion coefficient for Listeria

We compute an effective diffusion coefficient for the bacterium from the
Einstein relation: D, = kgT/{, where { is the viscous drag coefficient. For
a bacterium, we use the expression for an ellipsoid: { = 2#na/[In(a/b) —
1], where a is the length of the cell and b is its radius, and 7 is the effective
viscosity of the cytoplasm (Berg, 1983). Using the dimensions of Listeria,
a =~ 6 um, b ~ 0.5 pm, and the viscosity of cytoplasm, n = 30 poise, we
obtain D, =~ 7 X 1075 um?/s. From this we compute the “ideal ratchet
velocity,” V, = 2D,/8 =~ 0.05 um/s (Peskin et al., 1993). Thus for Listeria,
V; << V,,. The viscous drag force on Listeria is f = { V = 20 pN, where
V = 0.3 pm/s is the observed velocity.

The diffusion coefficient for a filament tip

An effective diffusion coefficient (normal to the major axis) for the free
end of a filament of length £ and radius d is D; = kg7/{, where the friction
coefficient, £, for a prolate ellipsoid is { = 4mn€/[In(€/d) + '%]. Here m is
the viscosity of the fluid component of the cytoplasm only, because the free
end of a filament is smaller than a mesh size of the actin network. Using
the parameter values from Table 1, we obtain D; ~ 4 um?s. The corre-
sponding ideal ratchet velocity for Listeria is V, = 2Dd8 ~ 2500 pm/s >>
V,. Thus, rectifying the filament fluctuations via polymerization can easily
account for the fastest observed velocities of Listeria.

B Geometry and mechanical properties of the
filament tip

Consider a single filament cross-linked into a polymer network. Denote by
€ the length of the “free end,” i.e., the distance from the polymerizing tip
to the first cross-link, as shown in Fig. B.1. In the absence of thermal
fluctuations, the filament would impinge on the load at an angle 6 to the
load axis. To simplify our analysis we shall assume that the filament
fluctuations are planar, and restrict our attention to the case when ¢/R <<
1, where R is the maximum radius of curvature of the fluctuating filament.
This is equivalent to assuming that £ << A, where A is the persistence
length of an actin filament.

For small deflections, the bent filament has a constant radius of curva-
ture, R. From Fig B.1, we see that the distance of the fluctuating filament
from the load is x = r'cos(8) + r sin(8), where r’ = € — Rsin(¢/R) ~ € —
R(E/R — E316R%) ~ €/6R?, and r = R — R cos(¢/R) ~ R — R(1 — £*12R?)
=~ £2/2R. Substituting into the equation for x yields x = €/2{[cos(6)/3](¢/
R)? + sin(f) (€/R)}. The condition § >> £/3R is equivalent to 6 >>

>

FIGURE B.l1 Computing the effective spring constant of the filament
tip. Bending of filament causes deviation x from the equilibrium position
of the tip in the direction normal to the load.
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(2€/90)"% =~ 5°. Thus we can neglect the first term, so that x ~ sin(6)€%/2R,
or R = sin(6)€*/2x. Then the bending energy of the filament is E = B¢/2R?,
where B is the bending rigidity. This can be expressed in terms of the
thermal wavelength, A, from the relationship B = AkgT (Doi, 1986), so that
E ~ [2\kyTH(£® sin?8))x? = «x?/2. Thus the effective spring constant of the
filament is

4AkgT

«(0) = i) (B.1)

We shall occasionally write this as k(6) = ky/sin®6, where ko = 4A kgT/€.

C Analysis of the Fokker-Planck equation

In this appendix we will demonstrate that, in the range of parameters
characteristic of cell conditions, the load-velocity equation has the generic
form given in Eq. 3. We model a free end of an actin fiber as a linearly
elastic filament of rest length NA, where N is the number of monomers of
length {A = & cos(8)], and elastic constant «; the actin filament is an
end-to-end concatenation of such monomers. To polymerize a monomer
onto the tip of the filament, a gap of size A must be created by the thermal
fluctuations of the filament. We place our coordinate system on the moving
load with the coordinate axis directed backward toward the cell center.
Denote by y the equilibrium position of the filament tip with respect to the
load. Because of thermal fluctuations, the location of the tip deviates from
y, and we let x be the distance between the current position of the tip and
its equilibrium position. Thus the restoring force of the spring is F(x) =
—ux. The geometry of the situation is shown in Fig. C.1.

Equation 4 can be understood intuitively if we consider the filament to
be at thermal equilibrium; i.e., if the polymerization rate can be neglected
in comparison to the diffusion rate of the filament tip. Then the Boltzmann
distribution gives directly the probability of the tip being at a distance x
from the boundary. However, if we consider the nonequilibrium process of
polymerization, then the perturbation treatment below is necessary to
establish the result (Eq. 4) rigorously.

Let k,,M be the rate at which monomers could polymerize onto the tip
if it were not occluded by the load. Upon polymerization the equilibrium
position of the tip instantly jumps to (y — A), while the deviation, x,
remains unchanged. Monomers dissociate from the tip at rate k., upon
which the equilibrium position of the tip jumps to (y + A), while x remains
unchanged.

The configuration of the system can be described by the probability
distribution P(x, y, 1), which obeys the Fokker-Planck equation

P (3 a\_ (I,
5—— E\:’@ X Jy +(Hp+Hd) (C.1)

where J, and J, are the probability fluxes in the directions x and y,
respectively, and H,, H; are the sources and sinks due to polymerization
and depolymerization, respectively.

The flux, J,, is due to the movement of the equilibrium position of the
tip with effective polymerization velocity V in the coordinate system
attached to the load. This flux, which does not depend on x, is given by

J, = VP.

The flux, J,, is due to thermal fluctuations of the tip. It consists of two
terms: i) thermal motion, which we characterize by a diffusion coefficient,
Dy, and ii) a “drift” motion driven by the elastic force. We can write the
drift velocity as v = F(x)/{, where { is an appropriate drag coefficient
which, by the Einstein relationship, can be set to k37/D;. Thus this flux is

given by
d Fx
o= -ofS 1)

0x  kgT €2
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FIGURE C.1 (a) The jump processes characterizing polymerization and
depolymerization (c.f. Peskin et al., 1993). P(x, y, 1) increases at a rate
[kouMP(x,y + A) + ko P(x, y — A)] if the gap between the tip and the load
is = A, orif (y + x) > A, or x > —y + A. At the same time P(x, y, )
decreases with rate [k,,MP(x, ¥) + koP(x, ¥)]. On the other hand, if the
gap is too narrow to allow the intercalation of a monomer, orif x < —y +
A, then P(x, y, £) increases at a rate k,,MP(x, y + A) and decreases at a rate
kogP(x, ¥). Thus the domain on which P is defined is — < y < e and
—y = x < o, as shown in (b).

The polymerization rate, H,, is constructed as shown in Figure C.1.

kuwM[P(x,y + A) — P(x,y)], x>—-y+A ca
P kaMP(x, y + 8), x<-y+a &
kol P(x,y — A) — P(x,y)], x>-y+A
d= (C4
—koiiP(x, y), x<—-y+A

Thus the Fokker-Planck equation governing the evolution of P(x, y, #)
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becomes
oP _ P oP D; 0
a Df? - Va_y - kB—Ta (F(x)P)
k. M[P(x,y + A) — P(x, y)] x>-y+A
+1  +kglPx,y — A) — P(x,y)],
konMP(x’y+A)_koﬁ'P(x’y)’ X<_y+A
(C5)

We shall assume that the tip cannot penetrate the load, J,(x = —y) = 0. So
the evolution of P is constrained by the reflecting boundary condition at
x= -y

dP(x = —y) F(x)

Jelwl, =0, or i = mP(x = —y)
(C.6)
=29 p=_
= T P(x y).
In addition, the probability distribution P must satisfy the normalization
condition:
j dy j dxP(x,y, 1) = 1 [(ek))
—® -y
Nondimensionalization

Next, we rescale the time and length scales as follows.
x'=xl/A, y =ylA, ¢ =Dg/A* V' =VAID,

k' = kAYksT, a=kuMAYD;, B =kzAYD; (C.8)
and introduce the two dimensionless quantities

q=Vik,MA, s=kglko,M.

The Fokker-Planck equation then rescales as (omitting the primes):

oP az+ F p
o a2 T “ox

(C9)

+a —qi}—)
dy
P(x,y + 1) — P(x,y) x> —-y+1
+{ +s(P(x,y—1) — Px,y)),
P(x,y + 1) — sP(x, y), x< —y+1
(C.10)
This can be written as
aP
5 = AP + okP (C.11)

where A is the second-order differential operator defined by the first
bracket, and X is the differential-difference operator defined by the second
bracket.
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Perturbation solutions

Equation C.11 can be solved analytically in two limits: a) when a << 1 we
can treat the second term as a perturbation, b) when a > 1, we can treat
the first term as a perturbation. Note that a = 2k, MA/(2D,/A) = 2V /V,,
where V,, is the free polymerization velocity and V, = 2D/A is the velocity
of an ideal Brownian ratchet (Peskin et al.,, 1993). Since only the first
condition, when V, K<V, is of physiological interest, we shall restrict
ourselves to that case.

We introduce a “slow” time scale, 7 = at. According to multiscale
perturbation theory we formally consider the probability distribution as a
function of two space variables, x and y, and two time variables, ¢ and 7
(Nayfeh, 1981). We make the following replacement: 8/3t—98/dt + 3/ar
971/8t = 8/t + a 3/971. Next, we introduce the perturbation expansion: P =
Pyt, ) + aP,(t, 7) + ... into Eq. C.11, yielding

0P, Py P
o o ot

- 2
at a1 + O(er)

= APO + aAPI + aKPO + O(az) (C.12)

Equating orders up to the first gives

P,

—é—t-—AP0=O, 0o(1) (C.13)
ik =% xp,0 14
o AP = 5ot KP, (@) (C.19)

We can take advantage of the fact that A is a self-adjoint operator (in an
appropriate space, with appropriate boundary conditions). Thus it pos-
sesses a complete set of orthonormal eigenfunctions, {P,™}, n = 0, 1,
2, ..., with corresponding real eigenvalues, A ; APy(n) = —A,P,™; 0 <
Ao <A, <....(The P,™ are the functions of x, and both eigenvalues and
eigenfunctions are parametrized by the quasi-stationary variable, y.) It is
easy to show that A, = O corresponds to the stationary solution, and
Py, @(x) = 0. The general solution to the zero-th order equation (C.13) can
be written as

Pyx,y,1,7) = D, e MNP, M()GP(y, 1) (C.15)

n=0

where the functions G are to be found.

The operator A describes the fast thermal fluctuations of the spring. The
variable y is changing much more slowly, and can be considered constant
on the fast time scale. Thus P, ‘*(x) describes the stationary distribution
of the tip location for each equilibrium position, y. P, , ™, n = 1,2,....
describe the higher order thermal fluctuation modes, which decay fast.

The operator K does not depend on ¢ explicitly, so the right-hand side of
Eq. C.14 can be represented in the form:

Py

KPO - oo = E e—'\n(y)lQn(x» Yy, T)

or (C.16)

n=0

where the functions Q, can be expressed in terms of the functions P{?, and
G'™. In general, Eq. C.14 with the right-hand side C.16 will have a solution
containing secular terms growing ~¢ on the fast time scale, which would
invalidate the perturbation expansion for the distribution P. The usual
condition for the absence of secular terms is that the right-hand side of Eq.
C.14 is equal to zero:

(C.17)
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which describes an evolution of the Oth approximation, P, on the slow
time scale.

To find a quasi-stationary solution of Eq. C.17 we can neglect the
exponentially decaying terms in the expansion (C.15). Thus, we are look-
ing for a quasi-stationary solution of the form P, = p(y, x) g(y, 7). The
functions p and g obey the following normalization conditions:

rdxp(y,x) =1

-y

J dygyv, ) =1,

Equation C.17 has the form:

ag _|  olpg)
Par~ 9 ay

p(x,y + Dg(y + 1) — p(x, y)g(y)
+ S[P(x,y - l)g(y - 1)

1 - b e, x> —y+1
px,y + 1g(y + 1 —sp(x, y)g(y), x< —y+1
(C.18)

Here the function p(y, x) is the solution of the stationary equation:

-——az + i 0 C.19
T PaxlP T (C19)
Integrating equation (C.19) once, we obtain:
P ap=0 20
o TP = (C.20)

(The constant of integration is equal to zero because of the zero flux
boundary condition at x = —y.) The normalized solution of Eq. C.20 has
the form:

_exp(—=(2) X
p(y. %) = I, exp(—(x/2) ¥)dx

(C.21)

Integrating both sides of Eq. C.18 over x we obtain the equation governing
slow dynamics of the function g:

98 98
31~ "5, TPO T 180+ 1) — 520) - p0)E0)

+sgy—1) (C22)

where the function p(y) is defined as

_ I3 expl((— k2)(x = y)dx
12 exp((—k/2)(x — y)))dx

We are interested in a stationary solution of Eq. C.22. An approximate
stationary solution of the equation

r® (C.23)

J
—qa—f +ply + Dy + 1) = 520) — p()gly)
(C.24)
+s5g(y—1)=0

can be obtained in the diffusion approximation to this differential-differ
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ence equation:

] 1
- o lla+ s = Ol + 532l + POV =0, (€25)

This approximation is valid if |[dp/dy] << 1 (which depends on the
filament stiffness and load force). Integrating (C.25) and taking into
account the normalization condition on the function g, we obtain the
solution of this equation in the form:

¢ 2q+s-p(y)
8= 5+ pk) P s+ p0)

where C is a normalization constant. This is easy to show from the
expression (C.23) that p(y) is monotonically increasing function. Then
expression (C.26) has a single maximum at y,, which is defined approxi-
mately by the condition:

g +s—pbo)=0.

When the model parameters are such that the condition |dp/dy| << 1 does
not hold, and the diffusion approximation is not valid, an approximate
analysis of the differential-difference equation (C.24) reveals that the
maximum is defined approximately by Eq. C.27. This result will be
reported elsewhere.

Thus, if the average equilibrium distance of the polymer tip from the
load (defined as the maximum of the probability distribution) is equal to y,,
then the average effective polymerization velocity can be found from Eq.
C.27:

dy| (C.26)

(C.27)

(V/konMA) = P()’o) - (koﬁlkonM),
V= A(konMP (.Yo) - koff)-

Thus we arrive at the equation for the protrusion velocity (from here on we
use dimensional expressions)

q=p0Oo) — s,
C.28)

V = AlkoMp(¥o) — kor) (C29)
where the expression for p(y,) is given by
I exp(—k(x — yo)2kgT)dx
POO) = oo (C30)
5 exp(—«(x = yo)*/2kgT)dx
If we introduce the notation
. Sscoso €Xp(—Klx — ¥o)*/2ksT)dx
56, yo) = p(yo) = T2 exp(—x(x — yo2kaTx (C.31)

the formula for the effective polymerization velocity has the form:

V = 8 cos(0)[kenMP(8, Yo) — kost] (C.32)

D The force exerted by the fluctuating filament

As in Appendix C, y is the equilibrium position of the filament tip and x is
the current position of the tip (this is more convenient here to consider the
variable x measured from the load). Then the potential energy of the
filament free end is E,(x) = Y2x(x — y)?, where x() is given by Eq. B.1.
Using this potential we can derive the average force, f, that a thermally
fluctuating filament exerts on the load.

The free energy of the tip can be written (Landau and Lifshitz, 1985)

1 E
e - Ey(X)IkBde
g J

—
[
Ll
£

G=Gy— kgTln D.1)
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where E = VkgT/k, ¢ is a perturbation parameter, and G is the free
energy of the tip without the elastic potential. Then the force exerted by the
tip on the load is

_dG| _dG, kT kT dZ
f=agleo=gg |0~ E " Z gle
D.2)
where the partition function, Z, is given by
=
Z= J e BTy (D.3)
H
dG, _ kT .
Now, Gl =7 < kkgT, and so the force is
P o~ EvOkeT . exp(— ky*2kgT)
BY [o e BksTgy — BT [F exp(—k(x — y)*/2ksT)dx
D4)

It is easy to show that f(y) is one-to-one and monotonically decreasing.
There are two limiting cases in which we can approximately invert the
function f(y) given by Eq. D.4:

1) The spring force is weak compared to the load, i.e., ¢ << «? or
kkgT << f2. Then y < 0, and xy* >> 2kgT, and

J mexp(—x(x — y)2kgT)dx = (kpT/k|y|)exp(—xy*/2ksT),

0

SO

f=—ky, f>>\kksT

In this situation, the filament resisting the load is almost always bent and
fluctuations are negligible and the force is the same as for a macroscopic
spring.

2) The spring force is very strong compared to the load, i.e., kkgT >
f2 ore > . Theny > 0, and xy* >> 2kpT, and

(D.5)

J exp(—k(x — y)*2ksT)dx = \RmksT/k,

0
kBTl KkB <
y K n 2,“f2 9f KkBT .

Thus if the filament is stiff enough, and the load small enough, then the
equilibrium position of the tip is far away from the load, and so it exerts a
force on the load only rarely when a large thermal fluctuation causes it to
hit the load.

SO

(D.6)

E Limiting cases
Long filament, small force

Consider the situation when the elastic energy required for intercalation of
a monomer is much smaller than thermal energy, and the work done by the
load force to bend a filament by one monomer is small, i.c., 8 << 1, f <<
1> w << 1. The first inequality holds if the length of the filament free end
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is larger than ~ 75 nm. Then the equilibrium position of the tip, y, << 8,

exp(—K(x — yo/2ksT)dx
A

~ | exp(—k(x ~ yo2ksT)dx

0
and from (C.31), p(8, ) = p(6, y,) =~ 1; therefore,

V= Vp = A(konA4 - koff)' (E.1)

In this case, 6, is small (but not smaller than ~ 5°, at which angle the
approximation of a harmonic spring becomes invalid), and the optimum
polymerization velocity is

V* =~ 8k, M. (E2)

Short or long filament, large force

When the bending energy is less than thermal energy, and the work to
move the load ahead by one monomer distance is much larger than kgT,
i.e., £ < 1, w >> 1, then f > V«kgT, and from Eq. D.5 we have y, ~
—«f, and [yg| >> 8. The same is true when the filaments are short (shorter
than ~ 75 nm, and therefore stiff), but the load force is large, i, € ~ 1
ore > 1 andf>> 1. Then,

p(6,f) = p(8, yo)

_ Jaexp(—«(x - Yoy 2kgT)dx
I3 exp(—k(x — yoY2kgT)dx

SR xp(— kX’/2kpT)dx
T [ exp(— 2k Tdx

N @ exp{=«[(A + f1K)* = (fIK)*) 2ksT}

= exp(—f 6 cos(0)/kgT) (E.3)
Then the velocity is
V = 8 cos(8)[konMe 2 OhT — k1 (E4)

It is easy to check that the maximum of this expression at constant force is

reached at
0. = cos” '( : E.5
. = Cos o (E.5)
The optimum polymerization velocity is
kT (kM
V*(f) = N ( - off) (E.6)

where e is the base of the natural logarithms. Thus, at large load force the
filaments turn more and more parallel to the load, and the optimum
polymerization velocity decreases inversely proportional to the load force.

Short filament, small force

When the length of the filament tip, €, is less than about 75 nm, and the
load force is small, i.e.,, € ~ 1 or &€ >> 1, w << 1, then f << V«kgT, and
the equilibrium position of the tip is given by expression D.6. The loga-
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rithmic factor in D.6 can be neglected, and the inequality [y,| << & is valid.
Then, from Eq. C.31, we have:

I exp(—k(x — yo)42kgT)dx
I3 exp(—k(x — yo)/2ksT)dx
_Ja exp(— kx*/2ksT)dx
= J7 exp(— ki 2kg T)dx

[ exp(—x(x + A)/2ksT)dx
T [T exp(— ki 2kgT)dx

p(e’f) = ﬁ(e’ yO) =

(E.7)

There are two cases to consider:
1) When 6 > tan™'(26VA/€*?) and kA*2kyT << 1, expression (E.7)
is =~ 1, then the velocity is nearly the free polymerization velocity given by

Eq. 1:
V= 8 cos(8) (koM — ketr) (E.8)

2) When 6 < tan~'(28VN/£¥2) and kA?/2k,T => 1, expression (E.7) is
approximately equal to

[kpT/kAlexp(— kA 2kgT)/ kg T/

(E.9)
= (1/A) kg T/ Ky sin(8)exp[ — koA 2k T sin*(6)]
then the velocity is given by
V = k.M \kgT/1rK, sin(B)e~®0¥/2sTiot®  (E 1()

Expression E.8 is a decreasing function of the incidence angle, while E.10
is an increasing function of the angle. They are of the same order when 6 ~
tan~'(26V/A/€>2). In this case the critical angle for maximal growth rate is

28 \ﬁ)

6, = tan“(W (E.11)

and the optimum polymerization velocity is

V#* = 8 cos(0, ) (kosM — ko). (E.12)
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